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Abstract. This paper introduces new logical systems which axiomatize a formal representation
of inconsistency (here taken to be equivalent to contradictoriness) in classical logic. We start
from an intuitive semantical account of inconsistent data, fixing some basic requirements, and
provide two distinct sound and complete axiomatics for such semantics, LFI1 and LFI2, as well
as their first-order extensions, LFI1* and LFI2*, depending on which additional requirements
are considered. These formal systems are examples of what we dub Logics of Formal Inconsis-
tency (LFI) and form part of a much larger family of similar logics. We aso show that there are
tranglations from classical and paraconsistent first-order logics into LFI1* and LFI2*, and back.
Hence, despite their status as subsystems of classical logic, L FI1* and LFI2* can codify any clas-
sical or paraconsistent reasoning.

1. Introduction and motivation

Investigations of the formal possibilities of handling contradictions and inconsistencies are usually
carried out under the common labd of paraconsistent logics. Although in principle it seems clear
that logical mechanisms for handling contradictions and inconsistencies can be applied to a wide vari-
ety of problems, it is usually difficult to point out real applications, because the extant syntax of the
better developed paraconsistent systems is quite often simply inappropriate to deal with them.
Thereader should be aware that the concepts of contradiction and inconsistency are not necessarily to
beidentified, as argued in [CM01], and that distinct philosophical positions can be taken according to
whether or not one adopts such an identification. We will here, however, identify inconsistency with
contradiction throughout this study, as it will be shown that inconsistent information (formalized as
*A) and contradictory information (in the form A3 A) are identified in our systems through the
equivalence eA<>(Ah A).

A general formal system apt to handle contradictions in informatics is clearly of great inter-
est, in particular for the management of databases. A reational database (cf. [Cod70]) is a finite
collection of finite relations in which information is stored. In general, this information must verify
some conditions, the so-called integrity constraints, in order for it to be safdy introduced in the data-
base. Integrity constraints are expressed by (fixed) first-order sentences; so, for example, a database
storing information about flights may contain the requirement that no flight can have more than one
duration, a condition which could be expressed by the following first-order formula:

OxOyOzFlight(x, y) OFlight(x, 2) - y=2,
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where Flight(x, y) means that flight number x has a duration of y hours. Traditionally, when a data-
base is updated —that is, when some information is added, modified or removed from its relations—
the management system verifies if the new upcoming database state satisfies the integrity constraints.
The update is only performed in the affirmative case, and, when refused, the database maintains its
previous state. So, in atraditional database system, contradictory information is never really alowed

into the database, due to this kind of preventive contral.

However, with the development of new network technology, information was allowed to be
accessed and updated from several sources, making the updating process harder and harder to
carry out. Loca databases have their inner integrity constraints, and are thus free of contradictions.
Neverthdess, two local databases can quite naturally be mutually contradictory, requiring complex
and costly procedures to restore or maintain consistency at a global leve.

Besides such inherent problems of databases, another very desirable feature of database sys-
tems which could produce an inconsistent situation is to let integrity constraints themsaves change in
time, instead of remaining fixed forever. We will call such evolving databases evolutionary data-
bases. Traditionally, the integrity constraints are defined by the database designer and cannot be
modified by the users during the lifetime of the database. However, this is a rather restrictive re-
quirement. Now, if one allows databases to be evolutionary, then one is unable to guarantee that new
constraints would not be contradictory with previous ones. Thus, we are faced once more with the
possibility of inconsistency arising inside our informational environment.

Our logical foundations for evolutionary databases allow us to implement several policy manage-
ments concerning storage and representation of information. In case a piece of information “Inf” is pro-
posad by a source, it enters the database ether with the token v or the token * appended to it. In case
“not-Inf” is proposed, it enters with the token % or it does not enter at all. In case there is no informa-
tion about a subject “Inf”, nothing in this respect is added to the database. As a consequence, in case
“Inf” and “not-Inf” are simultaneously proposed (for instance, by different sources), then “Inf”
enters the database with the token x.

Suppose, as an example, we have a database schema DS containing three relations: au-
thor (Name, Country), wrote(Name, Book), and has been_translated(Book, Language). Suppose
also that two different sources, A and B, provide information to our database, telling us that:

— Source A:

1) Joaguim Maria Machado de Assis was born in Brazil.
2) Gabrid Garcia Marquez was born in Colombia.

3) Machado de Assiswrote “ Dom Casmurro”.

4) “Dom Casmurro” has not been translated into Polish.

— Source B:

5) Garcia Marguez was not born in South America.

6) Garcia Marquez wrote “ One Hundred Y ears of Solitude’.

7) “One Hundred Y ears of Solitude’ has been trandlated into Polish.

Information (4) is negative, hence it is either stored in DS with a % token or not stored at all.
On the other hand, the information represented in (2) and (5) is inconsistent, and in this case that fact
is added with the token % appended to it. The remaining positive information may be added having
gther v/ or x as suffix. What may result is the following:

author wrote has been_trandated
Name Country | status Name Book status Book Language | status
JMMdA |Brazil v JMMdA |DC v
GGM Colombia | % GGM OHY0S v OHYoS |Palish v

A gquery language can be used to infer new information from DS. By way of an example, one
can infer that has _been translated(DC, Hungarian) is not the case (expressing the fact that Dom



Casmurro has not been translated into Hungarian), since the sources have nothing to say about that.
This kind of negated assertion is known as default negation, and is connected to the so-called closed
wor |d assumption, which presupposes complete knowledge about a given subject.

Besides facts, sources can also add sentences, i.e. integrity constraints, to our database. In
traditional databases, constraints are fixed, but our mode allows constraints to be ether added or
deleted. For example, suppose that source A adds the new constraint: ‘No South American author
has ever been trandated into Polish’. After DS has been updated taking this new constraint into
consideration, the relation has been translated will also contain inconsistent information. While
traditional databases cannot support this situation, our model permits to reason with this other type of
inconsistency, even taking advantage of this controversy to get better knowledge about the sources.

The predicament of inconsistency has been already tackled in the database fiedd by several
articles, where a series of logical frameworks have been proposed in order to reason in the presence
of inconsistent data: many-valued logics in [Be77], annotated logics in [KL92] and [Fit91], tradi-
tional paraconsistent logicsin [CLM92], and also semi-formal treatments like the onein [RM70]. In
this paper we intend to discuss some of the underlying questions of paraconsistency by means of pro-
posing a database mode based on an axiomatic treatment of the basic properties of inconsistent in-
formation. We argue that, in this way, it is possible to offer an alternative view of the question of
consistency of the updating process, which at the same time permits one to consider also evolutionary
databases. Our approach allows not only inconsistent facts to be represented, but also new con-
straints to be added which could change the state of already stored facts.

A logical system, consisting of a pair (S, IFs) formed by a set S of formulas endowed with a
conseguence reation I, is called paraconsistent when it permits us to distinguish, on the one hand,
between contradictory theories ™ (inthesensethat I' IFs Aand I I-s = A, for some formula A, where
= A denotes the negation of A), theories which are at most inconvenient, and, on the other hand, trivial
theories A (in the sense that every A I-s B, for any formula B), theories which are evidently uninter-
esting. Equivaently, if we call explosive the logics in which the Principle of Explosion: A, =AI-sB
holds, for any A and B, we can assert then that a logical system is paraconsistent if, and only if, it is
non-explosive (the equivalence of the two formulations above holds at least for logics having a reflexive
and transitive consequence relation —see [CM01]—, like the ones we study here).

There exist many different systems of paraconsistent logic. The first to be introduced (and
perhaps the most influential) were the systems in the hierarchy C,,, O<n<w (see [dC74]). Inthe C,
systems, trivialization is separated from contradictoriness (and yet contradiction and inconsistency
coincide) by means of afiner control of the inferential mechanisms of logic, by assuming that:

(C1) net all formulas are necessarily subject to the Principle of Explosion, but only some special
formulas (in the case of C,, for instance, these would be the formulas A which were such that
= (Az A) was provable);

(C2) if both A and B are subject to the Principle of Explosion, so are ACIB, AOB, and A B.

Substituting only (C2) for:
(C3) if ether A or B are subject to the Principle of Explosion, so are AB, AOB, and A- B,

one can easily formulate stronger versions of these paraconsistent logics, namely those called C;, for
O<n<w(cf. [dCBB95)).

Although the logics above are not many-valued, there may be found in the literature several
many-valued paraconsistent systems, known for a long time, such as the three-valued paraconsistent
systems P! (cf. [Set73]) and J; (cf. [DOdC70]), both of them constituting but special cases of the
8,192 three-valued paraconsistent logics studied in [Mar?7).

Systems like P*and J; are not appropriate for dealing with information, as they have been de-
signed with different motivations. The logics C, and C;, on the other hand, are not fully appropriate
for handling information, as they are in some sense too weak —they are not maximal (in the sense
that they can be properly extended in arbitrarily many ways, yet remaining both paraconsistent and



fragments of classical logic). Some further semantical considerations concerning these last systems
were raised in [Mar99] (and in [Car00]), where possible-translations semantics for (slightly stronger
versions of) them are proposed, in terms of combinations of some appropriate three-valued logics,
aiming to provide them with better interpretations.

We introduce here new logical systems to handle inconsistent data, ones which are naturally
moativated by our evolutionary database, and are at the same time close enough to usual first-order
logic so as to allow good control of inconsistent data without renouncing the existent theory of tradi-
tional databases. Moreover, we start from the semantical properties which would seem desirable for
a wdll-founded treatment of inconsistent data, and derive the logics LFI 1 and L FI 2 from such desid-
erata.  We then show that LFI1 and J; are interdefinable, but LFI2 is independent of any other
known three-valued logic, and moreover both LFI 1 and L FI 2 are maximal systems. The approaches
towards LFI1 and J;, however, are totally distinct, as L Fl 1 axiomatizes a form of inconsistency by
means of the connective «, while J; axiomatizes a form of possibility by means of the connective .

Differently from J;, which is intended to be related to the proposal of Jaskowski in [Jas68],
and also differently from the proposal of da Costa in [dC74], which identified consistency with the
formula— (A& A) (though, strangdy enough, not with the similar formula — (- AOA) —cf. [Mar99]),
and from any other proposal currently known to the authors (cf. [PRN89] for discussions about the
nature and reach of several approaches to paraconsistency), our approach regards contradictions and
inconsistencies as phenomena waiting to be formally treated. Indeed, the deductive proof system
introduced in this paper tries to formalize what an inconsistency should be from the point of view of
classical logic. That isthe reason we call the systems described here Logics of Formal Inconsistency
—LFI (which constitute a very large and interesting family of paraconsistent logics —cf. [CM01]
for athorough discussion about such logics). These formal systems are shown to be sound and com-
plete with respect to some very natural semantics, appropriate for monitoring linguistic inconsisten-
cies (or contradictions), particularly within those found in evolutionary databases. So, instead of
refusing new contradictory data arising from updates, each of these proof systems will act as a kind
of sensor by tracking down inconsistency and pointing out what part of the data is likdy to contain
inconsistencies.

In other papers we concentrate on further technical details of showing how logics of this kind
can be used to handle evolutionary databases and to update procedures. In [CdA99] we raised the
main problems of evolutionary databases and outlined the desirable features of an underlying logic
suitable for the management of evolutionary databases. Indeed, as we argue in the present paper,
several logical systems can be used to such an effect, and in [dACMO02] we show how the particular
system L FI 1 offers some good perspectives on this question.

This paper is organized as follows: In section 2, we introduce some basic concepts and nota-
tions concerning our database modd interpretation based on L FI1* and discuss how its semantics is
motivated and defined. In section 3 we show that the semantics we have introduced for LFI1, the
propositional fragment of L FI 1*, is equivalent to a three-valued semantics, and present as well some
results concerning the expressive capacity of this logic. Section 4 presents an axiomatic system for
L FI 1 which formalizes its semantics in precise terms, as shown by the completeness theorem proved
in details (via a constructive Kalmar-like procedure). In section 5 we study LFI1* and outline its
completeness proof. Section 6 presents some conservative trandations from classical and paracon-
sistent logics into L FI 1*, and comment on trandlations in the opposite direction. Finally, in section 7
we present L FI2*, a competitor of L FI1*, and exhibit its main properties. Although a large class of
logics of formal inconsistency can be defined following our approach, one should observe that LFI 1
and LFI2, as wdl as thar first-order extensions, occupy, in a certain sense, diametrically opposite
positions in the spectrum of logical systems which formalize inconsistency: Indeed, we shall argue
that L FI 1 can be seen as regarding inconsistency as an external phenomenon, while for L FI 2 incon-
sistency is an internal phenomenon. We conclude in section 8 by discussing some further perspec-
tives related to our present approach.



2. A formal semanticsfor atheory which supports contradictions

We assume the language L * of our logic to be defined in the usual way, as in the classical first-order
logic, with the addition of a new symboal « (read as ‘it isinconsistent’). So, al syntactica notions are
the familiar ones, with the obvious modifications. A formula B is called inconsistent in case it as-
sumes the form «A, for some formula A. A formula is called an extended literal if it is either an
atomic formula, or the negation of an atomic formula, or an inconsistent atomic for mula.

As to the semantical ground on which we base our study, we assume that our structures (or
modes) are the same as in the classical case, with the only difference that we reserve two distin-
guished non-standard constants, * and v/, present in the universe of every structure. The interpre-
tation of terms and predicates is defined in the expected way, straightforwardly adapted to in-
clude those new constants. So, given an n-ary predicate Rin L, the standard interpretation R' of R
in the structure | (with universe | 11) is an n-ary rdation R' <1 |", and the extended interpretation
of Ris a new reation R"c R x{x, v}, where (r, x) and (r, ¥') do not occur simultaneously, for
rOR'. Now, for LFI1:

Definition 2.1 The interpretation = for the sentences in LFI 1, written in the propositional frag-
ment of L™, in a given structure |, is inductively defined as follows (we use # to denote the fail-
ure of a clause):

(11) I1=ADB = I =Aadl =B

(12) 1=A0B = | =Aorl =B

(13) IEA-B = | #Aorl =B

(200 IlE--A < |EA

(21) | eeA

(22) 1eE«AD IEA

(23) 1E-A = [HEAO] E oA

(31) |k «AOB) = | = +AdBorl = «BOA
(32) 1E«AOB) = | =+AG Borl = «BG A
(33) IE+A-B) = | =ADB

And to interpret the sentences in LFI1*, i.e. thefirst-order sentencesin L™, onejust has to add:
— For extended literals, given ¢y, G, ..., C, closed terms:
(0.1 I E=R(C,C,...,C) = (c,C...,ch, *)OR or (¢, G, ..., ¢, v)OR”
(0.2) | E=-=R(c,¢C,, ..., C) = (¢, G, ..., Ch, ¥)OR, or

both (¢, ¢3, ..., ¢, *)OR'"and (¢}, G, ..., G, v)OR"”

(0.3) | E *R(c, G, ..., C) = (Ci,Ch, ..., Ch x)OR"
— Remaining clauses, for quantification:
(FO.1) | EOXAX) = | =A{)foralt
(FO.2) | = IXAKX) = | = A(t)for somet
(FO.3) | E=(OxAKX) = | EIX-AX
(FO.4) | E-(IXAX) = | = DOx=AX
(FO.5) | E «(OXA(X)) = | EDOXAX) and| = [X«A(X)
(FO.6) | E «(IXAX) < | =Ox=AX) and|l = [X=A(X)

The basic idea behind conditions (2.1)—«(2.3) is that having an inconsistent formula A is equivalent
to having both A and - A, and an inconsistent information cannot be itsdf inconsistent, by way of
stipulation. As to conditions (3.1)—«(3.3), one may regard L Fl 1 as modeling inconsistencies as exter-
nal phenomena: Thus, having an inconsistency in a complex formula (A#B), where # is a binary con-
nective, would intuitively be the same as having (A#B) and - (A#B), assuming furtherly that for-
mulas can be represented in a sort of disjunctive normal form. As an example, in (3.1), the
conjunction of (AB) and -~ (AUB)=(-~Al# B), produces (AUB[# A) or (AUB+ B), what would



result, following theintended intuition, in «/AIB or «BJA. Asto conditions (FO.5) and (FO.6), theidea
isto regard [ and [] respectivey, as an unbounded conjunction and an unbounded digjunction.

The interpretation above defines a consequence relation for the logic LFI1*. All other usual
semantical notions, such as validity, tautology, etc. are similar to the classical notions. It is impor-
tant to insist that our semantics is in some sense an extension of the usual semantica notion, basically
differing from the classical one by the treatment given to negation.

Thefollowing properties of an L Fl 1-interpretation are then easily verified:

Fact 2.2 Under theinterpretation above, the following property obtains:
(30) I E<(-A) < |E=-A [

Proposition 2.3 (i) Clauses (2.1)—(2.3) may be substituted by:

(24) ITEA <« IEAR A

(25) 1 E-(sA) = | KA

(26) 1#E-ADO IEA

(ii) And clauses (3.1)—(3.3) may be substituted by:

14 I=-(AOB) « | E-Aol=-B

(15 I=-(AOB) < | E-Aandl =-B

16) I=E-(A-B) « EAandl =-B [

Remember from last section that a logic with a consequence relation I+ is called paraconsis-
tent if it is non-explosive, that is, if there are formulas A and B such that A, - A ¥ B. Following
[CM99], we say that a logic has a strong negation if it has an operator ~ such that A, ~A I- B, for
any formulas Aand B. A paraconsistent logic in which all positive inferences hold and a strong negation is
present is said to condtitute a C-system (see [CMO01] for sharper definitions of that). According to the
requisite (C1) of da Costa, in the last section, formulas such as - (A% A) should not be theorems of
some sort of paraconsistent logics, for these logics would not only identify <A with Al% A, but also their
negations, through the equivalence = «A « - (Al A). Paraconsistent logics with a strong negation
which make this idertification, or, in a wider sense, which identify both «A and - «A with some other
formulas in which the operator « does not occur, are called dC-systems. Evidently:

Remark 2.4 LFI1lisa C-system, but not a dC-system.

Toseethat LFI1isaC-system, just noticethat, in general, | = (Al A) - B does not hold (though if A
assumestheform «C or ~C, for some C, it does), but that, on the other side, | = (Al# Alh «A) - B do
always hold, for every structure |. To see that it isnot a dC-system, in a strict sense, have a look at
the matrices to see that « is not definable from any combination of the other connectives. Further-
more, notice that, even though | = -~ +A does not hold, in general, | = -~ (Al A) do hold. [

As we will seein the next section, the operator ~ defined as ~A%i - AlF <A, for every for-
mula A, is indeed a strong negation —and, moreover, has all the properties of classical negation. We
will also seethere, in Fact 3.1, why — A cannot be identified with any other formulain which « does not
occur. In section 5 we show that this strong negation precisdy formalizes the notion of default nega-
tion, mentioned in the DS example of the introduction.

An underlying assumption of the interpretation above, reflected in (2.4), was that an incon-
sistent formula «A is true iff A and = A are simultaneously true, or, in other words, iff A is contra-
dictory. The inconsistency (or contradictory) operator = can be understood as a kind of linguistic
modality, but not coincident with usual alethic or deontic modalities. In fact, as we will show in the
next few sections, L Fl 1 is athree-valued logic, and L FI 1* itsimmediate first-order extension.

3. Athreevalued logicin disguise

This section will show that the interpretation proposed in the last section defines a three-valued logic,
in the canonical sense, and some further semantical properties of this logic will be exhibited. We
assume the reader to be familiar with the usual notions of matrix semantics for many-valued logics,
and recall only that a many-valued valuation is a homomorphism between sentences and truth-values



induced by the matrices. Inthe case of L Fl 1, the truth-values are 1 and ¥z (for “true’” and “partially
true’) and O (for “false’) and the matrices are the following:

ol1|l%|o ol1]%]|o S l1]l%w]|o - |
1{1]%]|o 11211 1{1]%]|o0 1{0,0
v|®%n|¥| o0 vl1l|wn|v »|l1|%]|o0 Va|Ye | 1
ololo]|o ol1l%]|o0 ol1l1]1 0110

where 1 and % are the designated values.

Fact 3.1 The connectives [, -~ and « may be taken as primitivein L FI 1.

Just natice that ACIB and A — B may be defined, respectively, as - (- A% B) and B[+ (AlJsA). The
reader may also observe that one cannot define the connective e, or its negation, - =, from the other
connectives of L Fl 1, once their output value is ¥2 whenever all the input values are %%. |

Observe also that the matrices above can be written in afunctiona way as follows:
V(ATB) & max(v(A), v(B))
V(= A) & 1-v(A)
V(eA) & 1-|2v(A)-1| [or dse, 1-(2v(A)-1)?]
Consider now thelogic Js, which also has 1 and ¥z as designated values, and whose
matrices of [J, [, - and = coincide with those of L FI 1, but instead of the (incon-

sistency) connective « it has the (possibility) connective [, whose table is at the Ve
right. Then we may prove 0

Remark 3.2 LFI1andJ; areinter-definable.
Notice that [JA may be defined in LFI1 as AllsA, and, conversely, *A may be defined in J; as
OADR A. n

As an obvious consequence, one obtains:

[EnY
Ol |—|O

Corollary 3.3 LFI1 and J; have the same theorems in the language L of the Classical Proposi-
tional Logic. [

Let us now prove in details that the three-valued matrices presented above and the LFI 1-
interpretation defined in the last section really define the same logic:

Theorem 3.4 (Convenience) Given an interpretation | of LFI1, thereis a three-valuation v obey-
ing the matrices above and such that:

VIA)H1, Y3} = | = A for every formula A.

Definev as:
) v(A)=1 if | H¥E-A
(i) v(A)=Y2 if | = A
@iii)) v(A)=0 if |H¥A

The reader should observe that, in case (i), it follows from (2.6) that | = A; in case (ii), it follows
from (2.4) and (1.1) that | = A and | = = A; in case (iii), it follows from (2.6) that | = = A. We
proceed to show that v is a three-valuation.
If Aisanatomic formulap, thenv(p)[{1, Y3 < | = pfollowsimmediately from definitions

(i), (ii) and (iii). Let us now test the cases where A is a complex formula, to check if the func-
tion v here defined really obeys the three-valued matrices introduced above:
(Casel) A assumestheform CLD.

(Subcase 1.1) Suppose v(C)=1 and v(D)=1. By definition (i), v(C)=1 and v(D)=1 -

| £=Candl ¥ - D. By clause (1.4) of the definition of |, wehavethat | #-Cand|l #-D -

| - (COD). By definition (i) again, | ¥ - (COD) < v(COD)=1.



(Subcase 1.2) Suppose v(C)=%2 and v(D)#0. By (i) and (ii), v(C)=% and v(D)#0 [
| =«Cand|l =D. Fromclause (1.1), | =+Cand | =D < | «ClD, and, from (3.1),
| =«CID O | = «(CID). By (ii),| = «(CID) =« vwCID)=%.
(Subcase 1.3) Suppose v(D)=%2and v(C)#0. Asin (Subcase 1.2), mutatis mutandis.
(Subcase 1.4) Suppose v(C)=0 or v(D)=0. By (iii), v(C)=0or v(D)=0 = | ¥ Corl #¥D.
From(1.1),l #Cor|l £#D < | # COD. By (iii),| #CIOD - v(COD)=0.

(Case2) A assumestheform CLD.
(Subcase 2.1) Suppose v(C)=1or v(D)=1. By (i), v(C)=1lorv(D)=1 = | ¥-Corl ¥-D.
Fromclause (1.5), | # - Corl #-D < | ¥~ (COD). By (i),| #-(COD) = v(COD)=1.
(Subcase 2.2) Suppose v(C)=%2 and v(D)#1. By (ii) and (iii), v(C)=%2 and v(D)#1 0O
|=eCand | =-D. From (LD, |EsCand | E-D < |k «Cl4 D, and, from (3.2),
| =«ClE D O | = «(COD). By (ii), | =+(CID) = v(CID)=%.
(Subcase 2.3) Supposev(D)=%2and v(C)#1. Asin (Subcase 2.2).
(Subcase 2.4) Suppose v(C)=0 and v(D)=0. By (iii), v(C)=0 and v(D)=0 < 1| # C and
| £#D. From(1.2),l1 # Candl ¥ D < | ¥ COD. By (iii),| #COD - v(COD)=0.

(Case3) Aassumestheform C - D.
(Subcase 3.1) Suppose v(C)=0or v(D)=1. By (iii) and (i), v(C)=0or v(D)=1 = | #Cor
| £-D. From (1.6), I[ECor =D < |H#=(C-D). By (i), | E=(C-D) <
v(C - D)=1.
(Subcase 3.2) Suppose v(C)#0 and v(D)=%. By (i) and (ii), v(C)Zz0andv(D)=% O | =C
and| = «D. From(L1),l =Cand | =D < | = CUeD, and, from (3.3), | = CeD
| = +(C-D). By (ii),| =+(C-D) « v(C-D)=%
(Subcase 3.3) Suppose v(C)#0 and v(D)=0. By (i), (ii) and (iii), v(C)#0 and v(D)=0 O
l=eCand | #£D. From (1.3), IECand D <« |H#C-D. By (iii), | HC-D -
v(C - D)=0.

(Case4) Aassumestheform-C.
(Subcase4.1) Supposev(C)=1. By (i),v(C)=1 = | ¥ -C, and, by (iii),| #-C = v(=C)=0.
(Subcase 4.2) Suppose v(C)=%. By (ii), v(C)=% < 1 E=eC. From (30), | =+C =
| = «(=C) and, by (ii) again, | = ¢(=C) = v(=-C)=.
(Subcase 4.3) Suppose v(C)=0. By (iii),v(C)=0 < | #C. From(20),| ¥C = | #-~C,
and, by (i), | #¥--C < v(=-C)=1

(Case5) Aassumestheform «C.
(Subcase 5.1) Suppose v(C)#%. By (i) and (iii), v(C)2%2 < | #Cor | ¥-C. From (2.4)
and (1.1), | ECorl £=C « | # «C. By (iii), | #+C < v(+C)=0.
(Subcase 5.2) Suppose v(C)=%. By (ii), v(C)=% < 1= «C. From (2.5), | =«C <

| E=(sC). By (i), #(sC) < v(«C)=1. |
Theorem 3.5 (Representability) Given a three-valuation v obeying the matrices above, the relation
“l =" defined as:

| =A = v(A){1, ¥4}, for every formula A,
provides an interpretation | of L FI 1.
Here one should show either that clauses (1.1)—(1.3), (2.0)—(2.3), (3.1)—(3.3), or, alternatively,
that clauses (1.1)—(1.6), (2.0), (2.4)—(2.6) are respected by this definition. We leave this as an exer-

ciseto the reader. |
It isnow easy to see now that the strong negation ~, defined for aformula A as: _
~AL AT #A,
has all the properties of classical negation. Its matrix can be seen at theright. The 110
corresponding clause, in terms of theinterpretation | of LFI 1, is: 21 0
40 I1EA < |¥E~A 0|1




Expressibility. One way of measuring the expressibility of a many-valued logic is by tracking its
capacity of defining, or ‘expressing’, different matrices, or functions. Thus, for instance, the two-
valued Classical Propositional Logic, or the many-valued logics of Post are said to be functionally
complete, for one can define all n-ary matrices using their connectives.

Let's say that a three-valued matrix is hyper-classical if the restriction of its associated
function to the classical domain (values 1 and 0) will have its image in the classical codomain (values
1 and 0). Now we can state (cf. [Mar99]):

Theorem 3.6 (Expressibility 1) All hyper-classical three-valued matrices, and only them, are de-
finablein LFI 1.

First of all, let’s define the connective [ as:. AB (- AOB)(«AlleB). It is straightforward to

check that this connective is such that: v(AOB)=min(1, 1-v(A)+v(B)) (this is just the implication

from Lukasiewicz's logic £.;). We will now define a series of unary and binary connectives, respec-

tively ®ik and @i‘}, such that:

e = ok, if V(A).=i,
, otherwise
W(A"B) = ok, if v(A).:i,andv(B): j_
, otherwise
These connectives may be defined as follows:
2,A ¢ —(AGh A) A%, B & Ba A
2,A & (AG A)O(-ADA) Ac,B ¢ g, (Asys,B)
pA & AT A Aa,,,B & - ((ADB)O((-ADB)OB))
A & SIAR, A Ac,0,B € (As;;B)0(A®,%B)
A & (= A) Ac 0B & ©, (AdygB)
Ae;iB ¢ < (AOAG «,B)) As,oB & B~ A
As;,B ¢ ©, (A®,sB) Asg:B & —Ac;iB
As.B & - (AO(BG B)) Acg,B @ ©, (A®onB)
As.,B ¢ A, -B A%B & <As,,-B
Ac,iB ¢ ©, (Ad,,B) AsgB & -As,-B

Using now the disjunction to ‘sum up’ the connectives above, we can easily build any
hyper-classical unary or binary matrix. For example, if, for any reason, we needed to build the
following matrices:

%
1
Yo
0

Y

Yo
0
Ye

Y

o|lr|k]|r
=1 K=

=
RO+

then we should only write:
A%B & (As,;B)0(A®,5B) (A® 15 B) (A, B) (A% 0y,B) O(A® 05 B)
$A & 9 ALRA

This shows that all unary and binary hyper-classical three-valued matrices are definable in
LFI1. To seethat no other unary or binary matrix is thereby defined, one should only observe that
all connectives of L FI 1 have hyper-classical matrices.

This result can be easily adapted for any n-ary connective. For suppose one needed to build
a hyperclassical 3-ary matrix 8. Let A, B and C be its components. Fixing v(C)=1, A and B will
form a hyperclassical binary matrix, that we may represent by 8,(A, B), and the same will happen
when we fix V(C)=%2 and v(C)=0, forming the hyperclassical matrices §,,(A, B) and §,(A, B). Now
it is immediate to check that §(A, B, C) may be written as ®1(&(A, B))Os;,(84(A, B)) Oy (8 (A,
B)). And so on, for any n-ary connective. [



Evidently, the result in Theorem 3.6 holds equally good for J; (by Remark 3.2) and also
for L, the three-valued logic of Lukasiewicz, from which we borrowed the connective [0 that we have
defined and used above. Infact, £ isusually defined using but the matrix of O, plus the matrix of -,
the same negation of LFI1 or J;. The (fundamental) difference between these logics lies in the fact
that I; has only 1 as designated value.

Constrasting with the concept of functional completeness, we may say now that a given many-
vaued logic is functionally pre-complete if, when we add to the logic any n-ary function which is not de-
finable in it, then this logic turns to be functional complete. As pointed out in [Kar00Q], one may easily
prove

Corollary 3.7 (Expressibility 1) LFI 1, aswell as J; and 1, are functionally pre-complete.
The reader just has to notice that the addition of a new n-ary function to LFI 1 will immediately en-
able us to define the unary connectives =% and %, as well as the binary connectives &3, @1, @01 and

@0, Which, together with the connectives in Theorem 3.6, will do the job. -

4. LFI1. Axiomatization and Maximality

Hereunder we shall use A « B as an abbreviation for (A - B)(B — A), and use also -A as an abbre-
viation for = «A. Wewill now show that L FI 1 may be axiomatized by the following axioms:
(Axl) A-(B-A)
(Ax2) (A-B)-((A-(B-C))-(A-C))
(Ax3) A- (B- (AOB))
(Ax4) (AOB) - A
(Ax5) (ACB)-B
(Ax6) A- (AOB)
(Ax7) B- (AOB)
(Ax8) (A-C)-((B-C)-((ALB)-C))
(Ax9) A=+ A
(Ax10) --A- A
(Ax11) A (A-(-A-B))
(Ax12) «A- (Ah A)
(Ax13) «(ADB)  ((«ATB)O(=BOA))
(Ax14) «(AOB) o ((«Alz B)O(«B= A))
(Ax15) «(A-B) o~ (AleB)
Havingasrule (MP) A/A_B/B

Remark 4.1 TheDeduction Theorem: A,A+~B < A+ A-B, holdsfor LFI1.
Thisisclear from the presence of (Ax1) and (Ax2), and the fact that (MP) isthesole ruleof LFI1. m

Theorem 4.2 (Soundness) All axioms above are validated by the matrices of LFI1, and the sole rule
above, (MP), preserves validity. |

The completeness of the above axiomatization of LFI1 with respect to the matrix valuation
proposed in the last section is but a special case of the general completeness proof of a class of 2*2
three-valued paraconsistent logics, presented in [Mar??]. We now proceed to give an alternative
proof of completeness of L FI 1, adapting the well-known constructive method of Kalmar for the Clas-
sical Propositional Logic. To thisend, wefirst state two auxiliary lemmas:

Lemma 4.3 Thefollowing schemas are provablein LFI 1:
A o(= A)

A o(=A)

o(*A)
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T4 (((AOA)O(-BOB)) - (o(ATB) O(ALB))

T5 ((cAG A)O(-BF B)) - (o(AOB)H (ADB))

T6 (((AE A)O(-BF B)) - (o(AOB) (AOB))

T7] ((<ATA)O(-BOB)) - (o(AOB)O(ALB))

T8 ((~AGh A)T(-BOB)) - (=(A~B)[(A - B))

T9 ((*AD(-ADA))O(-B B)) - (°(A-B) G+ (A~ B))

T10| (-ADeB) - (s(AOB) O« (AOB) (A - B)) o

Lemma4.4 (Kamar-like) Given a three-valuation v of LFI1, in what follows we define for each
formula A an associated formula A:
(i) A'=-A[A,ifv(A)=1;
(i) A'=eA, if v(A)=Y;
(iii) A'=oAF A, if v(A)=0.
Given a formula G whose set of atomic variablesis{p,, p,, ..., p.}, let’s denote by A’ the set
{p%L P> ..., pr}. We state that the following holds: A’ - G".

The proof is by induction on the complexity of G. If G is an atomic variable itsdf, it is straightfor-
ward, for p’ — p*. If G is complex, we suppose by induction hypothesis, (I1H), that the lemma holds
for any C and D subformulas of G, and must prove that the result for G follows from this supposi-
tion.
(Casel) G assumestheform COD.
(Subcase 1.1) Suppose V(C)=1 and v(D)=1. By the matrices of LFI1, G)=v(COD)=1.
From definition (i), we havethat C'=oCOC, D'=+D[D and G'=-G0OG, and, by (IH), we have
A+ C’and A’ - D", So, from (Ax3) and T4, we conclude by (MP) that A - G,
(Subcase 1.2) Suppose V(C)=1 and V(D)=%. So, V(G)=%, and, from (i) and (ii), C'=-CLC,
D'=eD and G'=+G. Now, from (Ax13), we have in particular that (¢DC) — «(COD). There-
fore, sucessivdy applying (Ax5), (Ax3) and (IH), with (MP), we conclude once more that A - G".
(Subcase 1.3) Suppose V(C)=1 and V(D)=0. So, V(G)=0, and, from (i) and (iii), C'=-CLC,
D'=oDEF Dand G'=oGHE G. Wenow use (AX7), , (IH) and (MP) to obtain the result.
(Subcase 1.4) SupposeV(C)=%2andVv(D)=1. Asin (Subcase 1.2), mutatis mutandis.
(Subcase 1.5) Suppose V(C)=% and (D) =%5. Use now [T10.
(Subcase 1.6) Supposev(C)=%2and v(D)=0. Exactly asin (Subcase 1.3).
(Subcase 1.7) Suppose v(C)=0 and v(D)=1. Asin (Subcase 1.3), but now using (Ax6) instead
of (AX7).
(Subcase 1.8) SupposeV(C)=0and v(D)=%. Asin (Subcase 1.7).
(Subcase 1.9) SupposeVv(C)=0and v(D)=%. Asin (Subcase 1.3) or (Subcase 1.7).
(Case 2) G assumes the form COD. Here again there are nine subcases but we may make do
with them using the axioms of L FI 1 and schemas|[T8, [T7 and T14.
(Case3) G assumestheform C - D. Here we can get some help from T8, T9and[T10.
(Case4) G assumestheform-C.
(Subcase 4.1) Suppose V(C)=1. So, (G)=0, and hence C'=-COC, G'=oGH G=0(-C)O
=(~C). Wenow use[T1] and (Ax10).
(Subcase4.2) Suppose V(C)=%. Now V(G)=Y, C'=+C, G'=+G=+(=C). Use[T2.
(Subcase 4.3) Suppose V(C)=0. Now V(G)=1, C'=oCE& C, G'=oGOG=+(-C)& C. Use
once more.
(Case5) G assumestheform «C.
(Subcase 5.1) Suppose V(C)=1. Here, V(G)=0, and then C'=oCOC, G'=oGEFH G=0(«C)O
- (=C). But, by , o(+C) isatheorem of L FI 1, and, by the definition of o, — «C - =(«C), and
so it follows once more, by (Ax4), (IH) and (MP), that A’ — G".
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(Subcase 5.2) Suppose V(C)=%. Now V(G)=1, C'=+C, G'=oGG=0(+C)0+C. Use T3
again, and the result follows trivially.
(Subcase 5.3) SupposeV(C)=0. Asin (Subcase 5.1), mutatis mutandis. |

Theorem 4.5 (Completeness) Every tautology of LFI1 is a theorem according to the axiomatic
presented above.
Let G be a tautology whose atomic variables are, say, pi, P, ..., Pn. S0, by Lemma 1.12, A"+ G
for any valuation v. Denote by A} the set A\{ pi}. We now choose three distinct valuations,
differing exactly in p,, i.e. such that Ar=Ar=Az(&£A,), but: (a) vi(p.)=1; (b) v»(p)=Y%; and (c)
Vva(p,)=0.
In case (a), p:=°p.0p,, so we have A,, op,0p, + G, or, what amounts to the same, by the
Deduction Theorem:

Ay, opr =P G (i)
But, in case (), p=cp.[F p1, Sowehavel,, °p,[F p;, — G, or, what amounts to the same:
Ay, opi =P -G (i)
From (i) and (ii), by (Ax8) and (Ax9) —the proof by cases— we conclude:
A, op, - G (iii)
Now, in case (b), pi=+p,=-(°p,), and so we have:
A, = (opy) = G (iv)
At last, from (iii) and (iv), using once more the proof by cases, we conclude:
A+ G, (V)

And so we got rid of the variable p,. We may now recursively define the set A/ as the set
A\ pi}, 1<i<n, and then repeat the procedure above n—1 times. In the end of this process we
obtain the empty set A,, whichissuchthat A, — G, and the proof is over. ]

Maximality. A logic L1 is said to be maximal relative to the logic L 2, when both logics are written
in the same language, L 2 proves all the theorems of L 1, and, given atheorem G of L2 whichisnot a
theorem of L1, if weadd G to L 1 as new axiom schema, then all theorems of L 2 turn to be provable.
Here we understand the Classical Propositional Logic, CPL, as the logic
written from the connectives [, [0, — and —, with their usual classical interpreta-
tions. If we enrich CPL with a new connective, «, whose interpretation is the one to 110
the right, we get what we shall call the Extended Classical Propositional Logic, 01]0
ECPL. Axiomatically, this corresponds to adding - +A to CPL as a new axiom
schema. It is easy to see that ECPL is a conservative extension of CPL, that is, if one restricts
ECPL to the language of CPL, ddeting the tautologies of ECPL in which the connective « inter-
venes, one gets no more (and certainly no less) tautol ogies than one already had in CPL .

Theorem 4.6 (Maximality) L FI1is maximal relativeto the ECPL.
Let g(py, Py, ..., Pn), Wherepy, pa, ..., pn areits atomic variables, be a theorem of ECPL which is not
a theorem of LFI1. We may assume, with no loss of generality, that v(g(p., P», ..., Pn))=0 iff
v(p) =Y, for al p, 1<i<n. For if agiven formula h(p., ps, ..., Pn, Pns1) assumes the value O for a
valuation v such that v(p,)=%, for 1<i<n, and V(p,.1)#Y%, we may fix the value of the variable p,.;
substituting it for p,& p.[F ep, or for p, & p,Oep,, respectivey if v(pn.1)=0 or v(pn+1)=1, ob-
taining this way a formula of theform g(p,, P2, ..., Pn).

Let us now consider another theorem of ECPL, say t(qy, Os, ..., Om), equally non-provablein
LFI1. Wemust show that this formulais atheorem of { LFI1 plus g(ps, P2, ..., Pn)} (this last for-
mula added to L FI 1 as a new axiom schema). For all g;, 1<j<m, we build the formula g(q), by
substituting each variable in g(p;, P2, ..., Pn) for g. Hence, for all three-valuation win LFI 1, we
have w(9(q;)) =0 iff w(q)=Y2. Besides, for all such w, two situations may occur:

12



D W(t(ql1 q21 ey qm))¢01
O w(t(gy, 9, ..., Om))=0. This situation must occur, for some w, once t(q;, @, ..., dn) iS NOt a

theorem of LFI1. But, in this case, there must be a g;, 1<j<m, such that w(q)=%, once
t(Qs, G, ..., Om) IS a theorem of ECPL. And so we conclude that the conjunction g(q,)
0(q,) O... Oo(qy) must assume the value 0 under thisvauation.

In both cases above, the formula

(9(9:) 09(0) U.... 19(Am)) — (0, G, -, Om)
will assume a designated value in LFI 1. By the completeness of L Fl 1, this formula is provable in
LFI1. Butin{LFI1plusg(p:, P>, ..., Pn)} the conjunction at the antecedent of the formula above is
equally provable and so, by (MP), we provet(q,, 0, ..., Gn) IN{LFI 1 plusg(p., Po, ..., Pn)}. |

Being maximal means that there is no ‘non-trivial’ way of strengthening a given system. So
far have we proved L FI 1 (and thus, J; as wdll) to be maximal reative to the ECPL, and we come to
know this way that LFI1 has as much rules and schemas of ECPL as it could, without becoming
ECPL itsdf. Now, what about the fragment of LFI1 written in the language of the CPL, that is,
without the contradictory connective «? This propositional system built on the connectives O, O, -
and =, but no «, with the three-valued interpretation above, was studied in [Bat80] and in [Avr86],
where it received respectively the names PI° and RM 5. In those papers, Batens and Avron have
shown how to axiomatize their system, and proved it to be maximal relative to the CPL .

The next result helps characterizing a certain aspect of the expressive power of LFI1, show-
ing which instances of interdefinability of its connectives are valid.

Proposition 4.7 The following formulas are theorems of L FI 1:
(DM1) - (AOB) - (=A B)
(DM2) - (AOB) - (-A® B)
(DM3) (=AL B) - = (AOB)
(DM4) (=AF B) - -~ (AOB)
(ID1) (A-B)- (=AOB)
(ID2) - (AOB) - -~ (=A-B)
(ID3) - (A-B) -~ (=AB)
(IC1) (A-B)- (A= B)
(IC2) (AOB) - = (A--B)
(IC3) =(A-B)- (A= B) [

The fact that schemas (DM1)—(DM4), plus (Ax10) == A « A, are provable in LFI 1 makes
its negation qualify as a De Morgan negation. It is easy to see why schemas (ACB) - (-=A - B)
and - (AOB) - (A - = B) cannot be provablein LFI1. First, note that =(C4 C) is provablein
LFI1 (it is, in fact, equivalent to (Ax9) C& C, by (DM1), (Ax10) and (MP)). Hence, by (Ax6),
= (Cx C)OD is aso provable Now, if (AOB) - (= A - B) were provable, taking A as = (C& C)
and B as D, one would obtain == (C[Z C) - D. By (Ax10), (C C) - =~ (C& C), and so one
would prove (C» C) - D in LFI1, and it would not be paraconsistent. The result for = (AOB) -
(A - = B) followsfrom (DM3) and from the previous result.

Thereader should notice as well that (ID1) is the only one of the schemas in Proposition 4.7
that holds for logics as weak as the one built from (Ax1)—(Ax9) plus -— A- A and AO(A - B) (this
last formula being deduced only when one adds (Ax11) to thelogic). This pretty weak paraconsistent
logic was studied in [CM99], where it was called Ciin.

Remark 4.8 Theconnective « does not define a congruence in the algebra of LFI 1.
In particular, one has, for instance, that A « (A A) holdsin LFI 1, while = «A « = (A& A) does
not (for = (A A) - = A isnot validin LFI1). [
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5. Thequantified case: LFI1*

LFI1*, thefirst-order extension of L FI 1, can be axiomatized by adding to the axioms of L FI 1 the
following schemas:
(Ax16) A(t) - IXAX)
(Ax17) OxAX) - A(t)
(Ax18) = (OxA(X) « X=A(X)
(Ax19) - (IXA(X) - Ox=A(X)
(Ax20) «[OXA(X) o (OxeA(X) I XA(X))
(Ax21) o[XA(X) « (XeA(X) O x=A(X))
Andtherules: (Crntroduction) A(X) — B/ [XA(X) — B, wherexisnot freein B
(O-introduction) B - A(X) / B - OXA(X)

} wheretisaterm

As mentioned in Definition 2.1, the interpretation for a sentence of L™ in a structure | is de-
fined by the following clauses on the case of extended literals (and inductively extended to all first-
order sentences through the other clauses, including (FO.1)—(FO.6)):

(0.1 I E=R(Cc,C,...,C) = (c,C ..., *x)OR or (cy, C), ..., ch, v)OR”
(0.2) | E=-R(,¢C,...,C) < (¢, ...,ch, *)OR", or

both (c;, ¢3, ..., ¢\, *)OR"and (¢}, ¢, ..., ch, v)OR"”
(0.3) | E *R(c, Gy, ..., C) = (c,Ch, ..., Ch x)OR"”

Recalling that -A is an abbreviation for = +A, and using clause (2.5) of Proposition 2.3, we
obtain:

(0.4) | E=oR(c,C,, ..., C) = (c,Ch,...,Ch ¥)OR", or

both (c;, ¢3, ..., ¢\, *)OR "and (¢}, ¢, ..., ch, ¥)OR"”
as a conseguence of (0.1)—(0.3). Now, the strong negation of A, denoted as ~A and defined by
~AE - Alh <A, givesimmediately:
(05 | E=~R(c,¢C,...,C) = (¢, 0, ..., ch, x)ORand (¢, C, ..., ¢, v)OR"
The reader is invited to compare this last clause with the notion of default negation, discussed in the
introduction, just after the DS example, so as to convince themsealves that the strong and the default
negations coincide.

We will now show that clauses (0.1)—(0.3) are equivalent to defining the interpretation R' of
ardation Ras a function:

X: 111" {1, %, 0},
such that the relation “1 =" obeys the matrices of LFI 1 for extended literals, that is, given an atomic
setence R(cy, C,, ..., ), then: () | = R(cy, G, ..., G) iff X(Ci, C, ..., C) is designated; (i) | =
-R(c, G, ..., G) iff =X (ci, C, ..., Cb) is designated; (iii) | &= *R(C,, C,, ..., C,) iff eX(Ci, C, ..., GV)
is designated.
Indeed, given R, the extended interpretation of R, define:
1,if (¢}, ¢, ..., ch, x)OR "and (¢}, G, ..., G, v)OR"
x(ci, G, ..., C)) =1 Y if (¢}, C, ..., Ch, X)OR"”
0,if (c,, ¢, ..., ch, x)OR"and (¢}, ¢, ..., Ch, V) OR"”
Then, clearly the function x does what it was proposed to do, and thus our structure | provides us
with away of talking about ardation being true (value 1), partially true (value ¥2) or false (value 0)

in a strictly set-theoretical way. Hence, the following result is immediate from the definition above
and the truth-tables of L FI 1:

Theorem 5.1 (Representability for relations) Given a structure |, then for any atomic sentence
R(c,, C,, ..., C,) it holds that:

14



(i) | ER(C, G, ..., C) = X(c, G, ..., c)O{1, ¥4}
(i) 1 =E-R(C, G, ..., C) = =X(c, G, ...,c)){1, ¥3}
(iii) | E *R(cy, Gy, ..., C)) = ex(ci,Ch, ..., {1, ¥3} [
A many-valued interpretation for the quantifiers may be obtained, for instance, by means of
the concept of distribution quantifiers, introduced in [Car87]. Using our basic intuition that a uni-

versal quantifier should work as a kind of unbounded conjunction, and an existential quantifier as an
unbounded disjunction, the matrices of the conjunction and the disjunction of L FI 1 will give:

distribution of .
— So we have, for example:
nStances X OXAX) | IXA(X) p
0, %, 1 0 1 —> this line means that there are instances of A(X)
0, ¥ 0 1 assuming the values 0, %2 and 1.
0,1 0 1
Y5, 1 Y2 1
0 0 0 |— thisline means that all instances of A(X) assume
1 1 1 the value 0.
1 1 1

Now completeness for LFI1* can be proved extending the traditional Henkin's proof for
classical first-order logic (on what would constitute an easy adaptation of the proof found in [DOt85]
for J;), asfollows:

Theorem 5.2 (Soundness and completeness of LFI1*) Given any set AO{A} of sentences in LFI1*,
wehaveA-A = AEA
As usual, the non-trivial part of the proof isto provethat A=A 0 A+ A. Thiscan bedone using
the contrapositiveform: A+ A O A # A, viathe Henkin construction of maximal consistent theo-
ries, by inductively extending the valuations starting from extended literals, whose interpretation will
be defined by way of the function X presented above, and defining then the interpretation of more
complex propositions according to the clauses found on Definition 2.1. Thisis quite a standard pro-
cedure (though not free of encumbrances) and we will omit the details here. |

6. Comparing L FI1* with classical logic and with other paraconsistent logics

Given two logical systems LS,=(S,, ;) and LS,=(S,, I,), where S, and S, are sets of formulas,
and I, and I, are consequence relations defined on them, what we call a trandation from L S, into
LS, is simply a morphism between these two structures, i.e. a function between their universes
preserving their consequence relations. Formally, a trandation Tr from LS, into LS, is a mapping
Tr: S,— S, such that, given TO{A} 0S,, we have I' I, A O Tr(I') I-, Tr(A). If the converse
also holds, i.e. if ' -, A = Tr(I) I, Tr(A), wecall thetrandation a conservative trandation. (Con-
servative) Trangdations have proved to be a powerful tool on the study of some meta-theoretical prop-
erties of logics, for their mere existence allows us to talk about one logic inside some other logic,
reproducing the inferential mechanisms of one inside the other. A well-known translation, the
‘quantifier-forgetful functor’, is used, for instance, to prove the consistency of the first-order classical
logic from the consistency of propositional classical logic. General motivation and results about
trandations can be found in [CD98] and [dSDS98].

This section shows that the First-Order Classical Logic, FOCL, and the paraconsistent first-
order logic C; can be (conservatively) translated into LFI1*. Thus, all first-order classical proofs
and all proofsin C; can be reproduced (up to a translation) inside L F1 1*.

We will first present two distinct trandations from FOCL into LFI1*. Note first that
FOCL can be axiomatized by (Ax1)—(Ax10) (section 4), (Ax16)—(Ax19) (section 5), plus
Ao (=A-B)and (MP). For thefirst trandation we define the mapping Tr, from FOCL into L Fl1*
asfollows (recalling that <A is an abbreviation for - «A):
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(Trl1) Try(p)=-ep, if pisan atomic sentenceor literal
(Trl2) Try(=A)==Try(A)

(Tr1.3)  Try(A#B)=Tr(A)#Tr,(B), for # a binary connective
(Trld) Try(@xAX)=@xTry(AX)), for @ a quantifier

Now one may prove:

Theorem 6.1 Tr, isa conservative tranglation from FOCL into LFI1*.
For most cases it is obvious that, if A is an axiom of FOCL, then Tr,(A) is provablein LFI1*. The
only crucial case is the trandation of A - (= A - B), since this formula is not valid in L FI 1* (com-
pare it with (Ax11) -A- (A - (=A - B))). However, Try(p-> (=p—-Qq))=cp - (=op— Q) is prov-
ablein LFI1*. Theconverseis straightforward. [
For the second trandation, Tr,, define it as follows (recall that ~A is the strong negation of

A):

(T2.1)  Try(p)=p, if pisan atomic sentence

(T2.2)  Try(=A)=~Tr,(A)

(T2.3)  Try(A#B)=Tr,(A) #Tr,(B), for # a binary connective

(T2.4)  Try(@xAX)=@xTr,(A(X)), for @ a quantifier

From which follows:

Theorem 6.2 Tr, isa conservative tranglation from FOCL into LFI1*.
Just note that Try(p- (=p-Qq))=p - (~p- Q) isprovablein LFI1*, and ~ has all the properties
of classical negation. Again, the converseis straightforward. |

Theorem 6.1 and Theorem 6.2 tdl us that all forms of classical reasoning can, in a certain
sense, be embedded and reproduced inside (a fragment of) L FI 1*, even though L FI 1* (restricted to
the language L of classical logic, that is, avoiding all formulas where the operator = occurs) is,
strictly speaking, only a subsystem of classical logic. Furthermore, note that the above translations
have a ‘grammatical’ aspect —they copy also the structure of the formulas being translated— which
should not be overlooked. Now, if our task had been only that of finding translations, not necessarily
consarvative nor grammatical, between those logics, then it would have been quite trivial: indeed, any
logic can be trandlated inside any other logic having at least one theorem G —just pick the constant
function with output G.

Now, another question is: What is the rdationship of L Fl 1* to the (first-order) paraconsis-
tent logic C; (cf. [dC74])? This question is not trivial, and we treat first only the propositional part
of C}, namely C,, which we mentioned in section 1 as part of the hierarchy C,,, 0<n<w Axiomati-
cally, each C, can be axiomatized by (Ax1)—(Ax9) (section 4), plus == A- A (part of (Ax10)), plus
(Ax11), (MP) and the fallowing further axiom: (cAeB) - (o (AOB)O-(AOB) (A - B)), which is
based on clause (C2), presented in section 1. The reader should only notice that in C,, in particular,
the formula <A is in fact an abbreviation for the more complex formula - (AZ A), which clause
(C1) takes as distinguished —whereas the remaining systems of the hierarchy will take different for-
mulas as being abbreviated by <A (cf. [CM99]).

In[Mar99] (and [Car0Q]), it has been proved that a possible-translations semantics for the C,
systems (and slightly stronger versions of them) can be semantically characterized by way of a
combination of an infinite number of trandations of C, into a three-valued logic called W; (and
L CD), having three conjunctions, three disjunctions, three implications and two negations. This logic
W turned to be in fact equivalent to J; and so, transitively, to LFI1. Therefore, we have already at
our disposal an infinite number of (grammatical and meaningful) trandations from C, into LFI1.
Now, C; is obtained by adding to C, the axioms (Ax16)—(Ax19) (section 5), plus
Oxo(A(X)) - o(OxA(X)) Do ([XA(X)). To extend the translations mentioned above from C, into LFI 1
to trandations from C; into LFI1* one could use the ‘quantifier-forgetful functor’, but this would
perhaps not produce very meaningful trandations. So, we shall leave at this point as an open problem the
task of producing more interesting such translations from C; into L FI1 1*.
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Are there any ‘meaningful’ converse conservative trandations from LFI1* into FOCL and
into C;? We also cannot fully answer this question at this time, but we should note that apartial
answer has already been presented in [BDCK99]. This paper shows how a conservative translation
from LFI1 (called CLuUNs in that paper) into CPL may be produced by an ingenious procedure
which could be quickly summarized like this: first, the formulas of CPL are injectively mapped into
an enhanced version of CPL, obtained by the addition of a denumerable set of new propositional vari-
ables; second, a bijection between the modds of LFI1 (suitably preprocessing its formulas) and the
maodéd s of this enhanced version of CPL is presented (considering the negations of propositional vari-
ables as primitive dements, and mapping them into the new variables which have been added to
CPL). A rearrangement of the propositional variables of enhanced CPL will of course transfer this
trandation into the original version of CPL. Thetask of extending this trandlation into the first-order
version of those logics rests open, but the whole procedure seems feasibly generalizable for a much
wider class of non-classical logics.

7. A competitor: thelogic LFI2*

As remarked in the introduction, there is not just one single solution to the problem of providing for-
mal systems to treat inconsistencies (or contradictions) with applications to databases. Indeed, with
dlight maodifications on the semantical clauses of the interpretation in section 2 we may obtain a sec-
ond logic L FI2 and its quantified extension L FI12*. The modifications in order are shown below:

Definition 7.1 The interpretation = for the sentences in LFI2, written in the propositional frag-
ment of L*, in a given structure |, isinductively defined by clauses (1.1)<1.3), (2.0)—<2.3), asin
Definition 2.1 for L FI 1, plus:

(34) | E+<AOB) = | = «All+B

(35) | E+AOB) = | E +AlleB

(36) I E+A-B) = | =+All+B
instead of (3.1)—(3.3). And for LFI2*, the first-order version of LFI2, conditions (0.1)—(0.3)
are once more used to interpret the extended literals, and the clauses for quantification (FO.1)—
(FO.4) remain, but instead of (FO.5) and (FO.6) the following clauses are used:

(FO.7) | E «(OXA(X) = | = Oxe(AX)

(FO.8) | E o(IXAX)) = | = Oxe(AX)

The main intuition here is that a complex formula should be inconsistent exactly when all of its
subformulas are inconsistent, independently of the connectives being considered.  As a consequence, the
intended semantical account for LFI2 is totally uniform, in the sense that it does not come from the par-
ticular structure of a given formula—and that’s why we say that the logic L FI 2 modds inconsistencies as
internal phenomena.

The property in Fact 2.2 still holds good for LFI12, as well as part (i) of the succeeding
Proposition 2.3, but part (ii) of that same proposition should here be slightly modified, as follows:

Proposition 7.2 (ii) Clauses (3.4)—3.6) may be substituted by:

@7 1=E-(AOB) = (I Aol £B)orl = «(AOB)
(1.8) I =-(AOB) = (I#Aandl ¥B)orl = «(ACB)
19 IE-(A-B) = (I=Aandl £-B)orl = «(A-B) [

The reader might observe that if the rightmost digunct in (1.7)—(1.9) is omitted, one obtains ex-
actly the Extended Classical Propositional Logic, i.e the Classical Propositional Logic written in a lan-
guage enriched with an operator «, interpreted as always false (see section 4, Maximality).

The analogue of Remark 2.4 till holds good for L FI 2.

Three-valued matrices for LFI2. We will now show that the interpretation above for LFI2 also
defines a three-valued logic, one which is represented by the matrices be ow:

nl1]w]o nl1]w]o TRV - | .
1]l1]1]o0 1]l1]1]1 1]l1]1]o0 1]0]0
wl1]l®wn|o wl1lw|l1¥ [wl1]®n]o Bl 1
olo]o]o ol1]1]o0 o111 of1]o0




where 1 and % are the designated values.

Fact 7.3 The connectives [J, = and « may be taken as primitivein L Fl 2.
Notice that AOOB and A - B may be defined, respectively, as - (- (A% (AOB))& (BHE (A B)))
and B4 (AOB). [

The analogues of Remark 3.2 and its Corollary 3.3 do not apply to LFI2: The matrices
above define a brand new three-valued logic, different from J; and from any other logic we have heard of
(but define, once more, only a special case of the 2*2 logics studied in [Mar?7)).

One can now easily adapt the proofs of convenience and representability (Theorem 3.4 and
Theorem 3.5) to L FI 2, in terms of the three-valued matrices presented above.

The strong negation for L Fl 2 is defined asin L Fl 1, and evidently has the same properties.

It is also to be noted that the results on expressibility of Theorem 3.6 do not obtain for
LFI2. Indeed, it is easy to see that all matrices definable in L FI 2 are hyper-classical, but not all
hyper-classical matrices are expressible by L FI 2.

An axiomatization for LFI2 is obtainable as in LFI 1, from (Ax1)«(Ax12) and the rule of (MP)
(section 1), plus:

(Ax13)  «(AOB) — (*AleB)

(Ax14)  «(AOB) » («All«B)

(Ax15) (A5 B) o (sAl«B)
instead of (Ax13)—(Ax15).

The Deduction Theorem and the soundness of the axioms of LFI2 reative to the matrices
above are immediatdy verifiable, asin thecase of LFI1 (Remark 4.1 and Theorem 4.2).

One of the main distinguishing features of LFI2 is that its metaproofs are in general much
easier to produce, due to the homogeneous semartical treatment given to all its connectives. To construc-
tively show its completeness, for instance, one can make use of the following simpler lemmas (ana-
logues of Lemma 4.3 and L emma 4.4):

Lemma7.4 Thefollowing schemasare provablein LFI2:
T A o(-A)
T2 A~ (=A)
T3 (A
T10 (+A0sB) - (+(ADB) O«(AB) O+(A - B))
T11  (oA0B) - (o(ACB) Oo(ACB) (o (A  B))
Schemas and come from Lemma 4.3, and to prove schema one should use the
new axioms, (Ax13")—(Ax15". [

Notice that from , and its converse (which is also provable in both LFI1 and LFI2), and
from (Ax13)—(Ax15"), one can easily conclude that «A is provable in LFI2 iff «p is provable, for
every atomic variable p which intervenes in A. Now to the constructive lemma (where definitions (i)
and (iii) are simplified, compared to L emma 4.4):

Lemma7.5 (Kamar-like) Given a three-valuation v of LFI2, in what follows we define for each
formula A an associated formula A":
(i) A'=0A,ifv(A)=1;
(i) A'=eA,if v(A)=2%;
(i) A=A, if v(A)=0.
Given a formula G whose set of atomic variablesis{py, p., ..., P}, let’s denote by A’ the set { pJ,
P, ..., Pn}. We state that the following holds: A — G.

The proof for the atomic case and the case where G assumes the form — C or the form «C is identical
to the one given before, in Lemma 4.4. Now, for the cases where G assumes the form COD, COD

or C - D, one should use[T 10 and [T 11} n
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Completeness itsdf is also easier to prove for the propositional case:

Theorem 7.6 (Completeness) Every tautology of L FI 2 is a theorem according to its axiomatic.

We proceed as in Theorem 4.5, but now using Lemma 7.5. Now, in both the cases where vy(p,)=1
and where v;(p,)=0, we have A, op; — G. But in the case where v,(p,) =%, we have A, «p; - G,
whichisthesameas A;, = (op,) — G. Using the proof by cases, weget A, — G. |

Finally, one may also prove:

Theorem 7.7 (Maximality) L FI2 ismaximal relativeto the ECPL.
The proof follows exactly the same path as the proof of maximality of L FI 1 (T heorem 4.6). |

What about the maximality of the fragment of LFI2 in the language of the CPL rdative to
the same CPL —doesit hold? We cannot answer this question at thistime.
Asto theinterdefinability of the connectives of L FI2:

Proposition 7.8 The following formulas are theorems of LFI2:
(DM1), (DM2), (ID1), (ID2) and (IC3), asin Proposition 4.7, plus the schema:
(IC4) - (AOB) - (A- =B) [

The (counter-)argument offered just after Proposition 4.7 is still valid for LFI2, but one
should only notice that the proof of =(C& C) in LFI2 is not as immediate as the proof in LFI 1,
where this formula was equivalent to C[4+ C, an axiom of both these logics. In fact, in LFI2, this
formula is a little bit harder to prove, and it is instructive to show how this can be done. First note
that (Ax1)—(Ax11) are sufficient to prove = «C - = (C[& C). Now, from (Ax10), more specifi-
cally from C - == C, one may prove «C — «=C, and from this it immediately follows that
+C - («Ce—C). From (Ax13), it follows that (¢Cde=C) « «(CE C), and from (Ax12) follows
+(CE C)- ((Cla CO)& (Cm C)), and so «(Cm C) -~ =(Cl C). Therefore, by transitivity,
+C - = (Cx C). Using the proof by cases, onemay at last prove = (C& C).

In some sense, one could say that the ‘cost’ of accepting (1C4), for L FI2, which was not ac-
cepted by LFI1, was that of losing half of de Morgan's laws —(DM3) and (DM4)— and also
schemas (ID3), (IC1) and (IC2), once provable in LFI1. Notwithstanding, the maximality of both
LFI1 and LFI2 prevents us from assertingthat LFI1isin any sense ‘stronger’ than LFI2: They are
simply different logics, though much similar in many aspects —for example, the analogue of
Remark 4.8 aso holds good for L FI 2, which means that both systems are equally hard to algebrize.
However, both these logics are certainly solutions to the same problem.

In [Bez00], Béziau introduces a propositional paraconsistent logic he called Z, based on the
possible-worlds semantics for the modal logic S5, in which the paraconsistent negation — A of a for-
mula A is equated with 0~A, the possibility of the (classical) strong negation of A (cf. also [Bez?7]).
The maximal three-valued logic L FI 2 and the modal logic Z plus the axiom schema A - == A seem
extremely close to each other, and we shall leave as an interesting open problem that of characterizing
the exact relation between these two logics.

First-order. LFI2*, thefirst-order version of LFI2, can be axiomatized by adding (Ax16)—(Ax19)
totheaxioms of LFI2, asinthe case of L FI 1* (section 5), plus:

(Ax200)  «[OXA(X) « OxeA(X)

(Ax21)  «[XAX) o Ox=A(X) d i; bUtlonXOf OXAX) | TXAX)
instead of (Ax20)—(Ax21), and the rules of (CFintroduction) ! Oalr/lzceis 0 1
and (O-introduction). O 1/2 0 1

The proofs of soundness and completeness of L Fl2* O 1 0 1
follow that of LFI1*, found in section 5, suitably adapting 1/’ 1 1 1
the previous arguments. Here one should just notice that, %
following the new matrices of conjunction and disjunction, 0 0 0
the adequate (distribution) quantifiers for L FI2* would have 1f 1f 1f
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distinct behaviors from those of L FI 1*, and these new behaviors are pictured here, to the right.

Now the same tranglations Tr, and Tr, (section 6) used to embed FOCL into LFI1* will
work as wdl to effectively embed FOCL into LFI2*. In fact, these trandations dispense (Ax13)—
(Ax15) and (Ax20)—(Ax21), in both versions. Stronger versions of the C;, logics, called C;", are obtained
if one only changes the axioms (cAleB) - (o(AIB)Oe(AOB)-(A-B)) and [OXoA(X)—-
o[XA(X) 0o [XA(X) of C; for their counterparts (cAOoB) - (o(AOB)Oe(AOB)o(A - B)) and
KXo A(X) - o OxA(X) Oe-[XA(X), based on clause (C3), section 1. A possible-trand ations semantics for
the calculus C; based on a combination of an infinite number of translations of C} into L FI2 can be
found either in [Mar99] or in [CM?7]. The method devised in [BDCK99] for conservatively trans-
lating CPL inside of L FI 1 seems easily adaptable for the case of LFI2.

8. Concluding remarks

We have presented the logics of formal inconsistency L FI1 and L FI2 and their first-order extensions,
LFI1* and LFI2*. These systems are but two representatives of the possibilities of axiomatizing the
notions of consistency (and inconsistency), which help to clarify philosophical positions with respect
to contradictions and inconsistencies in logic. LFI1* and LFI2* have been introduced for the special
purpose of founding an approach to the treatment of information in evolutionary databases, and have
several interesting features: (i) they have a Hilbertian-style proof theory; (ii) they have been proved
to be sound and complete with respect to three-valued semarntics; (iii) the propositional fragment of
LFI1ismaximal; (iv) LFI1* and LFI2* are new paraconsistent first-order logics (although L FI 1*
is in fact equivalent to the first-order extension of the three-valued logic Js); and, finaly, (V) it has
been proved, viatranslations, that all classical and traditional paraconsistent reasoning can be repro-
duced inside L FI 1*.

As we observed, LFI1* and L FI2* represent two radically different approaches concerning
inconsistent formulas: for LFI1*, inconsistency is an external phenomenon, while for LFI2* it is
internal. The present approach to the logics of formal inconsistency and their uses in evolutionary
databases is a solution to the problem introduced in [CdA99] concerning the search for a useful, con-
ceptually clear and feasible logic for treating inconsistent or contradictory data. Although these are
not the only solutions, we believe them to be fully adequate and specially meaningful ones.

We would like to notice that, in the present case, we are dealing with general relations (not
necessarily finite), contrary to what is adopted in the database fidd. We can rather safely conjecture,
however, that Trakhtenbrot’s Theorem, which proves that the set of sentences of first-order classical
logic which are valid in all finite structures is not recursively enumerable (cf. [Trab0]), is also prov-
ablefor the LFI logics. In such cases, what isusual is to consider certain special classes of integrity
constraints, for which completeness can be attained. We believe this can be also done for L FI logics.
A more detailed treatment of databases using L FI 1* will be givenin [dAACMQ2].

We wish to thank the referees of WoLLIC’99 and the audience of the Jaskowski Memorial
Sympaosium, in Torun, who encouraged us to pursue this research.
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